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2. LINES AND TRIANGLES  

 

§2.1. The Equation of a Line 
 We begin by reviewing some of the elementary 

facts about lines. When we consider the point P as a 

vector we write it as p. When we consider it as a 

complex number we write it as p. 

 

(1) The distance between the points P(x0, y0) and 

      Q(x1, y1) is defined to be 

|PQ| = (x0 − x1)
2 + (y0 − y1)

2 . 

(2) The equation of the line through P(x0, y0) and 

      Q(x1, y1) is y − y0 = 
y1 − y0

x1 − x0
 (x − x0) if x1  x0. 

[If x1 = x0 the line is x = x0.] 

(3) A typical point on the line passing through u and v is 

p = (1 − )u + v. 

If  < 0, P lies on the opposite side of U to V. 

If  = 0, P = U. 

If 0 <  < 1, P lies between U and V and 
|UP|

|PV|
 = 

1 − 


 . 

If  = ½ then P is the midpoint of U and V. 

If  = 1 then P = V. 

If  > 1 then P lies on the opposite side of V to U.  
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(4) The general equation of a line has the form 

ax + by = c. 

Sometimes it is convenient to write it as 

x cos  + y sin  = p. 

(5) The equation of a line with slope m is y = mx + c. 

(6) The equation of the line that cuts the axes at (a, 0) 

and (0, b) is 
x

a
 + 

y

b
  = 1. 

 

§2.2. Angles 
 Angles can be defined in terms of arguments of a 

complex number, as explained in Chapter 1. We denote 

the angle formed from the line segments AB and BC by 

ABC. We also use this notation for the value of this 

angle. Once we encountered calculus we were 

encouraged to drop degrees in favour of radian measure. 

But since we are now doing geometry we revert to 

degrees. So a straight angle, ABC where A, B, C are 

collinear (lie on one line), is 180 and a right angle is 

defined as one whose value is 90. Two lines (or line 

segments) are perpendicular if the angle between them 

is a right angle. 

 

 We define adjacent angles and opposite angles as 

follows: 

The angles marked  and   are 

opposite angles and the angles 

marked  and  are adjacent. 

Since a straight angle, that 
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formed by a straight line, is 180, ,  are 

supplementary, meaning that they total 180. 

  

 If a line h cuts parallel lines p, q then: 

corresponding angles, alternate angles and internal 

angles are defined as follows: 

EFB and FGD are 

corresponding angles. There are 

three other pairs of corresponding 

angles in this diagram. 

AFG and FGD are alternate 

angles. There is one more pair of 

alternate angles in this diagram. 

 AFG and CGF are internal angles. There is one 

more pair of internal angles in this diagram. 

 

Theorem 1: 

(1) If a line intersects another line, adjacent angles are 

complementary and opposite angles are equal. 

(2) If a line intersects a pair of parallel lines, 

corresponding angles are equal, alternate angles are 

equal and internal angles are complementary 

Proof: (referring to the above diagram) 

Adjacent angles are complementary: 

A straight angle (the angle formed by a straight line at 

any point on it) is 180. Hence AFE and EFB are 

complementary, that is, EFB = 180 − AFE. 

  

E 
F 

G H 

A B 

C D 



36 

 

Opposite angles are equal: 

 But EFB and BFG are adjacent and so are 

complementary. Hence BFG = AFE. 

 

Corresponding angles are equal: 

This comes directly from the definition of angle. 

 

Alternate angles are equal: 

AFG = EFB (opposite) 

            = FGD (corresponding) 

 

Internal angles are complementary: 

AFG = CGH (corresponding) 

            = 180 − CGF (adjacent) 

 

§2.3. Triangles 
 A triangle is a set of three distinct, non-collinear 

points in the Euclidean plane, called vertices. The 

triangle with vertices A, B, C will be denoted by ABC. 

I shall denote the area of ABC by |ABC|. 

 The edges of ABC are the line segments AB, BC 

and CA. The interior angles of ABC are CAB, 

ABC and BCA. If there is no danger of confusion 

these can be denoted by A, B, C respectively. 

 The external angle of a triangle ABC at C is 

ACD where D lies on BC such that C lies between A 

and D.  
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Theorem 2: The external angle of a triangle is the sum 

of the internal opposites. 

Proof: Draw EC parallel to AB. 

Then BAC = ECA (alternate) 

And CBA = DCE (corresponding angles). 

Hence DCA = DCE + ECA 

                        = CBA + BAC. 

 

Corollary: The angles of a triangle 

total 180. 

Proof: BAC +  CBA + ACB 

                          = ACB + DCA 

                          = DCB = 180. 

 

 We first learnt about the trigonometric functions 

using an intuitive idea of angle, and with the help of 

diagrams. But now we have defined angles in terms of 

arguments of complex numbers and the functions sin x 

and cos x are defined by power series. But we can 

recover the familiar ‘opposite over hypotenuse’ etc in 

the obvious way. 

A 

B C   
D 

E 

A    

B     

C     D    

A     

B      C      

exterior 

angle at C    
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 An isosceles triangle is one where two sides are 

equal in length. Please take note of the correct spelling 

of ‘isosceles’. It comes from the Greek ‘isos’ (meaning 

‘equal’) and ‘skelos’ (meaning ‘leg’). 

 This word must surely be the most misspelt word 

in English. In 1987 I was marking Higher School 

Certificate exam papers. The question our team were 

marking involved isosceles triangles. My colleague, Ted 

O’Keefe, compiled a list of misspellings of the word and 

came up with a list of 265 of them. In 1988 I had access 

to some year 7 assignments from a Sydney high school. 

Of the 63 misspellings I found, as many as 34 of them 

were not on our original list, suggesting that a wider 

search could reveal more than a thousand! 

 Here is a small sample of the 299 spelling 

variations we found: 

ASOSCELES, ESOSCELIES, ICOSCOLES, 

ICSOCELES, ISACELES, ISASSELES, ISCELLUS, 

ISCOCELEOS, ISCOCLES, …, ISSCOCSLES. 

 

 An equilateral triangle is one where all three 

sides are equal. 

 

Theorem 3: A triangle is isosceles if and only if two 

angles are equal. 

Proof: Let the triangle be ABC. Without loss of 

generality we may take −a, b and a represent the vertices 

A, B, C respectively. 
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Suppose that the triangle is isosceles, with the lines 

joining b to a having equal length. 

Since |b + a| = |b − a|, we have: 

(b + a).(b + a) = (b − a).(b − a). 

 b.b + a.a + 2a.b = b.b + a.a − 2a.b and so a.b = 0. 

Hence BM splits the isosceles triangle into two right-

angled triangles. 

So sinBAC = 
|AM|

|AB|
  = 

|CM|

|BC|
  = sinBCA whence 

          BAC = BCA. 

 

 Now suppose that BAC = BCA. 

Let M be the foot of the perpendicular from B to AC. 

Then |AB| = 
|BM|

sinBAC
 = 

|BM|

sinBCA
  = |BC| and so 

ABC is isosceles.  

  

A  = −a 
 

B  = b 
 

C  = a 
 M  = 0 
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§2.4. Similar and Congruent Triangles 
 Two triangles are defined to be similar if 

corresponding angles are equal. So, all equilateral 

triangles are similar to one another. 

 Two similar triangles are congruent if, in 

addition, corresponding sides have the same length. So 

congruent triangles can be transformed an isometry (a 

combination of a rotation, a translation and possibly a 

reflection). 

 If ABC and DEF are similar we write 

ABC  DEF. 

 If ABC and DEF are congruent we write 

ABC  DEF. 

 

 The main thing we need to know about similar 

and congruent triangles is how little information do we 

need about corresponding angles and sides in order to be 

able to conclude that the triangles are similar or 

congruent. 

 Clearly, for similarity, it is sufficient for two 

angles of one triangle to be equal to two angles of the 

other, since the angles of a triangle always total 180. 

 

 For congruence, the following equalities are 

sufficient to prove congruence. A mnemonic for each is 

given. 

3 sides SSS 

2 sides and included angle SAS 

2 angles and 1 side ASA 
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Lemma (Cosine Rule): If A, B, C are any three non-

collinear points and a, b, c are the lengths of the 

respective opposite sides, and , ,  are the respective 

angles, then c2 = a2 + b2 − 2ac cos . 

Proof:   

 

 

   

 

 

 

 

 

 a = c cos  + b cos  and so a2 = ac cos  + ab cos . 

                                  Similarly b2 = ba cos  + bc cos  

                                            and c2 = cb cos  + ca cos . 

 a2 + b2 − c2 = 2ab cos . 

 

Theorem 4: Let ABC be a triangle. Then knowing 

three sides, two sides and the included angle, or one side 

and two angles, we know the sizes of all three sides and 

all three angles. 

SAS: From the cosine rule, c is determined by a, b and 

. We now have all three sides and hence all three 

angles. 

 

ASA: If we know two angles, we know the third, and so 

we can find the lengths of the sides by the SAS rule. 

  

A   

B   
C   

D   

c    b     

a    
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Corollary: Two triangles are congruent if they have:  

(1) corresponding sides equal or 

(2) two sides and the included angle the same for both or 

(3) one side and any two angles equal. 

 

§2.5. Two Famous Triangle Theorems 
 Everyone who has ever cut corners, instinctively 

knows the Triangle Inequality, often summed up as ‘the 

shortest distance between two points is a straight line’. 

In physics I was told that the reason why light travels in 

a straight line is that it is lazy and always chooses the 

shortest distance. Well, that was until we learnt about 

refraction when this was changed to ‘light always 

chooses the quickest path’, which is the opposite of 

being lazy! 

 
Lemma 1: If a, b  ℝ2 then |a.b|  |a|.|b|. 

Proof: Let a = (a1, a2) and b = (b1, b2). 

Then 0   
1

|b|2
 | ||b|2a − (a.b)b 2 = |b|2|a|2 + (a.b)2 − 2(a.b)2 

                                                = |a|2|b|2 − (a.b)2. 

The result follows. 

 

Theorem 5: |a + b|  |a| + |b|. 

Proof: |a + b|2 = (a + b).(a + b) 

                        = a.a + b.b + 2a.b 

                         |a|2 + |b|2 + 2|a|.|b| 

                        = (|a| + |b|)2. 
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Corollary: If ABC is a triangle then 

|AC| < |AB| + |BC|. 

Proof: |a − c| = |(a − b) + (b − c)|  |a − b| + |b − c|. 

 

 The other famous triangle theorem, of course, is 

the one attributed to Pythagoras. It once made it into the 

Guinness Book of Records as the theorem with the most 

proofs. If I remember rightly there are about 350 

different proofs. There was a book that consisted entirely 

of a large number of these proofs. 

 

 Euclid provided an entirely geometric proof. 

 

 

 

 

 

 

 

 

 

It has the advantage of the diagram actually exhibiting 

all three squares. 

 

Although quadrilaterals are not discussed until Chapter 5 

I will use the notation P(ABCD) to denote the 
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quadrilateral with vertices A, B, C, D. Here they will 

only be squares or rectangles. 

 

ABD = FBC, BC = BD and FB = AB. 

Hence ABD  FBC (SAS), and so |ABD| = |FBC| 

 |P(BDLK)| = 2|ABD| = 2|FBC| = |P(ABFG)|. 

 

Similarly |P(CELK)| = |P(ACIH)|. 

Hence P(BCED) = |P(BDLK)| + |P(CELK)| 

                            = P(ABFG)| + |P(ACIH)|. 

 

Another famous proof is one that consists of just one 

word ‘Behold!’, accompanied by a diagram: 

 

BEHOLD! 
 

 

   

 

 

It is attributed to the Hindu mathematician Bhaskara 

(about 1114-1185). One is supposed to do the algebra in 

one’s head. Let the right-angled triangle have sides x, y, 

z with z as the hypotenuse. Take 4 copies of this triangle 

inside a square of side x + y, leaving a square of side z in 

the middle. 

 

(x + y)2 = z2 + 4. ½ xy whence x2 + y2 = z2. 

 



45 

 

 Like Euclid’s proof, this and many others rely on 

the concept of area which, as we have seen, is a little 

difficult to define rigorously. 

 

 Here’s a proof that is purely algebraic and avoids 

the need to use areas. 

 

Theorem 6: If ABC is right-angled at B then: 

AB2 + BC2 = AC2. 

Proof: Let the points A, B, C be considered as the 

vectors a, b, c respectively. 

Hence AB2 + BC2 − AC2 

= (a − b).(a − b) + (b − c).(b − c) − (a − c).(a − c) 

= |a|2 − 2a.b + |b|2 + |b|2 − 2b.c + |c|2 − |a|2 + 2a.c − |c|2 

= 2(|b|2 − 2a.b − 2b.c + 2a.c) = 2(b − a).(b − c). 
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